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The quantum state of an electron in a strong laser field is altered if the interaction of the electron
with its own electromagnetic field is taken into account. Starting from the Schwinger-Dirac equa-
tion, we determine the states of an electron in a plane-wave field with inclusion, at leading order,
of its electromagnetic self-interaction. On the one hand, the electron states show a pure “quan-
tum” contribution to the electron quasi-momentum, conceptually different from the conventional
“classical” one arising from the quiver motion of the electron. On the other hand, the electron
self-interaction induces a distinct dynamics of the electron spin, whose effects are shown to be
measurable in principle with available technology.
PACS numbers: 12.20.Ds, 12.20.Fv
The predictions of Quantum electrodynamics (QED)
have been demonstrated experimentally with extremely
high accuracy. On the other hand, apart from numer-
ous successful investigations on QED effects in highly-
charged ions [1], relatively little is known experimentally
about QED in the presence of strong background elec-
tromagnetic fields. Here “strong” means of the order of
the so-called “critical” electric (magnetic) field of QED:
Ecr = m
2c3/~|e| = 1.3× 1016 V/cm (Bcr = m2c3/~|e| =
4.4×1013 G), with e < 0 and m being the electric charge
and the mass of the electron, respectively [2]. A con-
stant and uniform electric field of the order of Ecr would
be able to provide an electron and a positron with an
energy of the order of mc2 over a distance of the order of
the Compton wavelength λc = ~/mc, implying the insta-
bility of the vacuum in the presence of such a strong field
under electron-positron pair creation. Recent investiga-
tions have even shown the possibility of “breaking” the
vacuum at field amplitudes much smaller than Ecr [3].
Modern laser systems are sources of intense electro-
magnetic fields and provide a unique “clean” environ-
ment for testing QED under extreme conditions. The
record intensity of 2 × 1022 W/cm2 has been already
experimentally achieved [4] and intensities of the or-
der of 1024-1025 W/cm2 are envisaged at the Extreme
Light Infrastructure (ELI) [5] and at the High Power
laser Energy Research facility (HiPER) [6] (the criti-
cal field amplitude corresponds to a laser intensity of
Icr = cE
2
cr/8π = 2.3 × 1029 W/cm2). One of the most
appealing theoretical predictions of strong-field QED in
a (almost-)monochromatic laser field approximated as a
plane wave is the occurrence of the intensity-dependent
electron “quasi-momentum” in the energy-momentum
conservation relation [7]. The quasi-(four-)momentum
is defined classically as the average (four-)momentum in
the plane wave over one laser period. If an electron with
initial four-momentum pµ = (ǫ/c,p) = (
√
p2 +m2c2,p)
collides with a monochromatic, linearly-polarized laser
field with electric field amplitude E and angular fre-
quency ω, the quasi-momentum qµ is given by qµ =
pµ +m2c2ξ2nµ/4(np), where ξ = |e|E/mωc is the clas-
sical intensity parameter, ωnµ is the wave four-vector
of the laser field and (np) = nµpµ (the space-time
metric ηµν = diag(+1,−1,−1,−1) is used) [8]. This
leads to the introduction of an effective “dressed” mass
m∗ = m
√
1 + ξ2/2 of the electron in the plane wave such
that q2 = m2∗c
2. The mass correction m∗ −m depends
only on the classical parameter ξ and it is related to the
quiver motion of the electron in the oscillating external
field [8]. The results of the only experiment so far per-
formed on strong-field QED in a background laser field
are reported in [9] and are consistent with an electron
having a “dressed” mass m∗ in the laser field. More re-
cently the question of the electron dressed mass in pulsed
laser fields has been investigated in [10, 11].
In this Letter we show that, due to the interaction of
the electron with its own radiation field, the states of the
electron in a plane wave are modified in a non-trivial and
experimentally testable way. We attain this by starting
from the one-loop expression of the mass operator found
in [12] and by solving the Schwinger-Dirac equation in the
limit ξ ≫ 1 (available optical lasers already achieve val-
ues of ξ ∼ 102 [4]). The radiatively-corrected states show
that: a) the electron quasi-momentum also contains a
pure quantum contribution which does not depend on the
classical parameter ξ but only on the quantum nonlinear-
ity parameter χ = ((np)/mc)(E/Ecr); b) the electron self
interaction generates a distinctive spin dynamics, which
can be in principle revealed with presently available tech-
nology (for semiclassical studies of spin evolution in a
plane wave see e.g. [13]). Below, units with ~ = c = 1
are employed.
In order to describe the evolution of an electron in a
plane-wave field, we work in the Furry representation in
which the presence of the plane-wave field is accounted
for exactly from the beginning [8]. For the sake of defi-
niteness we assume that the plane wave propagates along
the positive z-direction, that it is linearly polarized along
the x-direction and that it has an electric field amplitude
E and a central angular frequency ω. Thus, it can be
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FIG. 1: Leading-order Feynman diagram of the mass oper-
ator in an external plane-wave field. The double solid line
indicates the electron propagator in the plane wave (Volkov
propagator) and the wiggly line a non-laser photon. The ver-
tical dashed line links the mass operator to the non-linear
Compton scattering diagram.
described by the four-vector potential Aµ(φ) = ψ(φ)A µ,
where ψ(φ) is an arbitrary function of the phase φ with
|ψ(φ)| . 1 and with the initial condition Aµ(φ→ ±∞) =
0, and where A µ = (0, a, 0, 0) with a = E/ω > 0 is the
polarization four-vector. The laser phase φ is given by
φ = (nx) = t − z, with nµ = (1, 0, 0, 1) being the unit
wave four-vector such that n2 = (nA ) = 0. Since the
plane-wave field depends only on the phase φ, it is natu-
ral to introduce the “asymmetric” light-cone components
of a four-vector vµ as v− = v0 − v3, v+ = (v0 + v3)/2
and v⊥ = (v1, v2) (note that by definition x− = φ). In
order to take into account also the effects on the elec-
tron evolution of the electromagnetic field generated by
the electron itself, we have to solve the Schwinger-Dirac
equation [8, 12]
(/Π−m−M)|Ψ〉 = 0, (1)
where the “slash” indicates the contraction with the
gamma matrices γµ, where Πµ = Pµ − eAµ(φ), with Pµ
being the canonical four-momentum operator and where
M is the mass operator in the plane-wave field, which
includes the electron self interaction (see Fig. 1).
If self-interaction effects are neglected, then M = 0
in Eq. (1) and a complete set of solutions of the re-
sulting equation in coordinate space {γµ[i∂µ− eAµ(φ)]−
m}Ψ(x) = 0 for an arbitrary plane-wave four-vector po-
tential Aµ(φ) are the well known Volkov states Ψ
(+)
V ;σ(p, x)
and Ψ
(−)
V ;σ(p, x) with positive and negative energy, re-
spectively [8]. The state Ψ
(±)
V ;σ(p, x) corresponds to an
asymptotically free electron at φ → −∞ with on-shell
four-momentum ±pµ (p2 = m2) and with spin projec-
tion σ/2 (σ = +1 or σ = −1) along a given direc-
tion in the electron’s rest frame (a throughout analy-
sis of the physical meaning of the Volkov states can be
found in [14]). The Volkov states can be written as
Ψ
(±)
V ;σ(p, x) = E(±p, x)U (±)σ (p)/
√
2ǫ, where
E(p, x) =
(
1 +
e/n /A
2p−
)
e
−i
{
(px)+
∫
φ
−∞
dφ′
[
e(pA)
p−
− e
2A2
2p−
]}
(2)
are the so-called Ritus matrices and where the con-
stant spinors U
(±)
σ (p) are solutions of the equation (/p ∓
m)U
(±)
σ (p) = 0 and they are normalized as in [8, 15]. The
expression of the Volkov states indicates that if the elec-
tron does not radiate, the spin projection before and after
the interaction with the laser field remains unchanged.
Furthermore, a Fourier-series expansion of the integrand
in the exponent in Eq. (2) for a (almost-)monochromatic
plane wave shows that the coordinate four-vector xµ is
contracted with the four-vector qµ = pµ−e2〈A2〉nµ/2p−,
with 〈· · · 〉 indicating the average over one laser period,
i.e. that the electron propagates in the wave with an “ef-
fective” four-momentum qµ, called the quasi-momentum.
Interestingly, the difference qµ − pµ is of pure classical
origin and it does not depend on ~. For on-shell four-
momenta kµ and k′µ and for four-coordinates xµ and x′µ
such that x− = x′− the Ritus matrices fulfill the three-
dimensional completeness and orthogonality relations
∫
d3
 
k
(2π)3
E(k, x)E¯(k, x′) = δ3( x−  x′), (3)
∫
d3
 
x
(2π)3
E¯(k, x)E(k′, x) = δ3( k − k′), (4)
where in general E¯(k, x) = γ0E†(k, x)γ0 and where we
have introduced the three-dimensional quantities
 
x =
(x+,x⊥) and
 
k = (k−,k⊥). Note that in Eqs. (3) and
(4) all the integrals are from −∞ to +∞ and they also
include the negative-energy region with k− < 0. Below,
however, we will only calculate the radiatively-corrected
positive-energy states Ψ(+)(x).
In order to solve Eq. (1), we observe that in the
worst case radiative corrections in a plane wave scale
as αχ2/3 at χ ≫ 1, with α = e2 ≈ 1/137 [2]. There-
fore, if αχ2/3 ≈ 1 it is even not possible to write the
Schwinger-Dirac equation explicitly, as the mass opera-
tor has to be determined in principle at all loops. This
prevents at least in practice the determination of the elec-
tron states for arbitrary laser and electron parameters.
However, available laser systems and electron accelera-
tors allow only for values of χ such that αχ2/3 ≪ 1. For
example, even in the head-on collision of the most in-
tense available laser field [4] with an electron beam of
46.6 GeV [9] one obtains αχ2/3 ≈ 0.1 and it is sufficient
to employ the one-loop expression of the mass-operator
as calculated in [12]. For the same reason, one can consis-
tently approximate /Π ≈ m in M in Eq. (1), which con-
siderably simplifies the structure of the mass operator.
Moreover, already available optical laser systems allow
for values of the parameter ξ much larger than unity. It
has been shown that in this “quasi-static” limit ξ ≫ 1 the
one-loop mass operator reduces to the analogous quan-
tity in a constant-crossed field Fµν , with the substitu-
tion Fµν → fµνψ′(φ), where fµν = nµA ν − nνA µ [2].
We recall that a constant-crossed field Fµν is a constant
electromagnetic field such that FµνFµν = F
µνF ∗µν = 0,
where F ∗,µν = ǫµνλρFλρ/2 with ǫ
µνλρ being the antisym-
metric tensor (ǫ0123 = 1).
3The above Eqs. (3) and (4) allow to employ the Ri-
tus matrices as a generalized three-dimensional “Fourier”
transform with e.g. Ψ(p, φ) =
∫
d3
 
xE¯(p, x)Ψ(x) and
so on. This is extremely useful as in the regime of
interest here (ξ ≫ 1 and αχ2/3 ≪ 1) the one-loop
mass operator M(p, φ, p′, φ′) in momentum space for on-
shell four-momenta pµ and p′µ results diagonal [2, 12]:
M(p, φ, p′, φ′) = (2π)3δ(φ−φ′)δ3( p− p′)M(p, φ). There-
fore, the “Fourier”-transformed Schwinger-Dirac equa-
tion reads[
i/n
∂
∂φ
+ /p−m−M(p, φ)
]
Ψ(+)(p, φ) = 0, (5)
where we have used the fact that for any function g(φ) it
is γµ[i∂µ−eAµ(φ)]E(p, x)g(φ) = E(p, x)[/pg(φ)+i/n g′(φ)].
From the expression of the mass operator in a constant
crossed field (ψ′(φ) = 1) in Eq. (32) on pg. 591 in [2]
with i/p = −m there, one can writeM(p, φ) asM(p, φ) =
m{C0(p, φ)+D0(p, φ)Σ+(m/p−)[C1(p, φ)+D1(p, φ)Σ]/n},
where
Cj(p, φ) = −α
∫ ∞
0
dl
2π
(j − 3)l2 + (−8)jl + (−6)j
3(1 + l)3ρ
df(ρ)
dρ
,
(6)
Dj(p, φ) = −α
∫ ∞
0
dl
2π
(−2)j l + (−1)j2
(1 + l)3
f(ρ)√
ρ
, (7)
with j ∈ {0, 1}, ρ = (l/χ(φ))2/3, χ(φ) = ap−ψ′(φ)/mEcr
and f(z) = π[Gi(z) + iAi(z)] [17] and where
Σ =
1
ap−
γ5f∗,µνpµγν , (8)
with γ5 = −iγ0γ1γ2γ3 is the spin operator. The eigen-
values of the operator Σ are (twice) the projection of the
electron spin along the direction of the magnetic field of
the plane wave in the initial rest frame of the electron.
Note that the mass operator M(p, φ) is renormalized as
the corresponding quantity in vacuum M0(p) because
M(p, φ) = [M(p, φ) −M0(p)] +M0(p) and the quantity
M(p, φ) −M0(p) is found to be regular [12]. Since the
two commutators [/p,Σ] and [/n,Σ] vanish, we can choose
the solutions Ψ
(+)
σ (p, φ) of Eq. (5) as eigenstates of Σ:
ΣΨ
(+)
σ (p, φ) = σΨ
(+)
σ (p, φ), with σ = ±1. In this way
M(p, φ)Ψ
(+)
σ (p, φ) =Mσ(p, φ)Ψ
(+)
σ (p, φ), where
Mσ(p, φ) = m
[
R0,σ(p, φ) +
m
p−
R1,σ(p, φ)/n
]
, (9)
with Rj,σ(p, φ) = Cj(p, φ)+Dj(p, φ)σ. The matrix struc-
ture of Eq. (5) with the given expression of Mσ(p, φ),
suggests to write the (positive-energy) solution Ψ
(+)
σ (p, φ)
as Ψ
(+)
σ (p, φ) = exp[(m/2p−)R0,σ(p, φ)/n]Φ
(+)
σ (p, φ), with
the spinor Φ
(+)
σ (p, φ) being a solution of the equation
[
i/n
∂
∂φ
+/p−m−m
2
p−
/n
1∑
j=0
Rj,σ(p, φ)
]
Φ(+)σ (p, φ) = 0, (10)
where terms quadratic in α have been consis-
tently neglected. The solution of this equa-
tion with on-shell four-momentum pµ is given by
Φ
(+)
σ (p, φ) = exp{−i(m2/p−)
∫ φ
−∞
dφ′[R0,σ(p, φ
′) +
R1,σ(p, φ
′)]}U (+)σ (p)/
√
2ǫ, with ΣU
(+)
σ (p) = σU
(+)
σ (p).
Therefore, the final result for the radiatively-corrected
state Ψ
(+)
R,σ(p, x) = E(p, x)Ψ(+)σ (p, φ) in configura-
tion space can be written in a very compact way
as Ψ
(+)
R,σ(p, x) = ER,σ(p, x)U (+)σ (p)/
√
2ǫ, where the
radiatively-corrected Ritus matrices
ER,σ(p, x) =
{
1 +
m/n
2p−
[
e /A
m
+R0,σ(p, φ)
]}
eiSR,σ(p,x),
(11)
with the radiatively-corrected electron “action”
SR,σ(p, x) =− (px)−
∫ φ
−∞
dφ′
{
e(pA)
p−
− e
2A2
2p−
+
m2
p−
[R0,σ(p, φ
′) +R1,σ(p, φ
′)]
} (12)
have been introduced. The above expression of the state
Ψ
(+)
R,σ(p, x) is the main result of the Letter. The expres-
sion of ER,σ(p, x) in Eq. (11) has to be intended as being
valid up to first-order in α. However, the integral on
φ′ of the function R0,σ(p, φ
′) + R1,σ(p, φ
′) in SR,σ(p, x)
may become large and it has to be taken into account
exactly. The structure of Eq. (12) allows us in the case
of a (almost-)monochromatic laser field to introduce for
the first time the radiatively-corrected quasi-momentum
Qµ = qµ +
m2
p−
[〈C0〉(p) + 〈C1〉(p)]nµ, (13)
where we used the fact that the average values ofDj(p, φ)
vanish for such a pulse (see Eqs. (6) and (7)). However,
as we will see below, the total integral of the quanti-
ties Dj(p, φ) over a few-cycle pulse does not necessarily
vanish, even though for short pulses the introduction of
the concept of “quasi-momentum” is not straightforward
(see also [10, 11]). We note that the radiatively-corrected
part δQµ = Qµ− qµ of the quasi-momentum depends on
the quantum parameter χ and it has no classical coun-
terpart. In fact, by calculating its asymptotic value in
the classical limit χ→ 0, one finds that the leading con-
tribution scales as αχ2, which is proportional to ~. On
the other hand, Eqs. (6) and (7) show that δQµ contains
in general a (negative) imaginary part as the electron
states in the laser field are “unstable”: an electron in a
laser field emits photons and in this way “decays” (see
also Fig. 1). As a check of our results, we have ensured
that if radiative corrections are neglected then Ψ
(±)
R,σ(p, x)
reduces to Ψ
(±)
V,σ(p, x), and that the radiative correction
δm2∗ ≡ Q2 − q2 = 2m2[〈C0〉(p) + 〈C1〉(p)] to the square
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FIG. 2: (Color online) Asymmetry A for numerical parame-
ters given in the text below Eq. (14).
of the electron’s effective mass is in agreement with the
results in [18, 19] (see also Eq. (54) on pg. 595 in [2]).
The dependence of SR,σ(p, x) in Eq. (12) on σ indi-
cates that the electron self-interaction affects the electron
spin dynamics. In the following we suggest a possible
experimental setup to measure this effect. An on-shell
electron with initial four-momentum pµ = (ǫ, 0, 0,−p)
and spin polarization in its rest frame along the positive
x-direction (σx = +1), head-on collides with a laser beam
linearly polarized along the x-direction, with electric field
amplitude E and central angular frequency ω (wave-
length λ = 2π/ω). The electron state in the laser field is
then Ψ
(+)
R,σx=+1
(p, x) corresponding asymptotically to the
free state Ψ
(+)
F,σx=+1
(p, x) ≡ exp(−i(px))U (+)σx=+1(p)/
√
2ǫ
at φ → −∞. Since the magnetic field of the laser lies
along the y-direction, it is convenient to employ the
eigenstates Ψ
(+)
R,σy
(p, x) (σy = ±1) of the spin-projection
along this direction to expand the state Ψ
(+)
R,σx=+1
(p, x).
Eqs. (11) and (12) show that after the interaction with
the laser field the component with a given σy acquires
a phase factor of the form exp(−iΦσy ), with Φσy =
Φ0 + σyΦs, and the probabilities P↑/↓ that the electron
spin points along the positive/negative z-direction, i.e.
that the asymptotically free electron state at φ→ +∞ is
Ψ
(+)
F,σz
(p, x) with σz = ±1, are given by
P↑/↓ =
e2Im(Φ0)
2
[
cosh(2Im(Φs))∓ sin(2Re(Φs))
]
, (14)
respectively. Note that since the electron is now “un-
stable”, the sum P↑ + P↓ becomes less than unity. We
introduce the asymmetry A ≡ (P↑ − P↓)/(P↑ + P↓) =
− sin(2Re(Φs))/ cosh(2Im(Φs)) as a convenient observ-
able. In the following numerical calculations we employ a
laser profile given by ψ′(φ) = ω sin2(ωφ/2N) sin(ωφ+ϕ0)
if φ ∈ [0, Nλ] and zero otherwise. In Fig. 2 we show
the asymmetry A as a function of the laser intensity I
and of the laser carrier-envelope phase (CEP) ϕ0 for the
following numerical parameters: ω = 1.55 eV, N = 3
(corresponding to a pulse duration τ ≈ 8 fs) and ǫ =
500 MeV. For these parameters it is |Φs| ≪ 1 and A ≈
−2Re(Φs) = −2(m2/p−)Re
∫ Nλ
0
dφ[D0(p, φ) +D1(p, φ)].
Since for long pulses a relatively large amount of elec-
trons will “decay” by radiating, it is convenient to em-
ploy here rather short pulses (we have ensured that the
asymmetry becomes insensitive to the CEP for longer
pulses). Phase-stabilized laser pulses with τ ∼ 5 fs and
I & 1022 W/cm2 are experimentally envisaged [20]. At
an intensity of I0 = 4 × 1022 W/cm2, for example, we
find exp[2Im(Φ0)] ≈ 9× 10−4 and a maximal asymmetry
A0 ∼ 1 % (see Fig. 2), such as those already measured
even at electron energies ∼ 1 GeV [21]. Polarized ultra-
relativistic electron beams with N ≈ 1010 electrons, a
spot area ≈ 1.7 µm × 0.75 µm and a length le of about
0.5 mm have been produced [22]. Assuming a Gaus-
sian laser beam focused to one wavelength (spot radius
w0 = λ and Rayleigh length lr = πw
2
0/λ = πλ) [23],
about N ∗ ∼ N × exp[2Im(Φ0)] × 2lr/le ∼ 105 electrons
pass through the strong-field region without radiating.
Thus, the absolute difference of the expected electrons
with opposite spin is ∼ A0 × N ∗ ∼ 103. Note also that
in the above example the transverse excursion of an elec-
tron in the field is approximately λmξ/ǫ ≈ 0.14λ, i.e.
much smaller than w0 [16]. Finally, the relatively weak
dependence of the asymmetry on the laser intensity at
I & 4×1022 W/cm2 renders our results sufficiently insen-
sitive to possible fluctuations of the laser intensity itself.
We gratefully acknowledge useful discussions with K.
Z. Hatsagortsyan and C. H. Keitel.
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